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Problem 2.52

Consider the potential

h? 2
Viz) = — L sech?(az),
m

where a is a positive constant, and “sech” stands for hyperbolic secant.

(a)
(b)

(c)

Graph this potential.
Check that this potential has the ground state

o(x) = Asech(ax),
and find its energy. Normalize 1y, and sketch its graph.

Show that the function

ik — atanh(az:)) Jika

wk(m):A< ik+a

(where k = v2mFE/h, as usual) solves the Schrédinger equation for any (positive) energy E.
Since tanh z — —1 as z — —o0,

Up(z) =~ Ae’*® for large negative .

This represents, then, a wave coming in from the left with no accompanying reflected wave
(i.e. no term exp(—ikx)). What is the asymptotic form of ¢ (z) at large positive ©?7 What
are R and T, for this potential? Comment: This is a famous example of a reflectionless
potential —every incident particle, regardless its energy, passes right through.5?

Solution
Part (a)
" V
22 (x)
E>0
0.4
0.2
ax
-4
E<0

%2R. E. Crandall and B. R. Litt, Annals of Physics, 146, 458 (1983).
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Part (b)

The goal here is merely to verify that ¢g(z) = Asech(az) satisfies the time-independent
Schrodinger equation (TISE),

h? d*p  hPa?
7%{17;5 — nj sech2(ax)¢)(x) = Ey(x),

and to determine the corresponding energy E. Evaluate the left side with ¢ = ¢g(z).

h2 d2¢0 h2a2 5 h2 d2 h2a2 9
e M, sech (am)wo(:c):—%E[Asech(a:c)]— — sech”(az)[Asech(az)]
n? d h?a? 3
= —%%[—Aa sech(ax) tanh(azx)] — A — sech”(ax)
h? 2 3 2 2 ra’ 3
= ——A[—a”sech h tanh —A h
Y [—a“ sech’(ax) + a” sech(ax) tanh®(ax)] —— sec (az)
2.2 2.2 2.2
= Ah a sech®(az) — Ah a sech(az) tanh?(az) — Ah ¢ sech®(ax)
2m 2m m
2.2 2.2
= —AF;; sech®(ax) — Af;nal sech(az) tanh?(ax)
h2 2 h2 2
=-A 2:1 sech?(az) — A 2:1 sech(az)[1 — sech?(ax)]
h2 2 h2 2 h? 2
=—A :1 ch’(az) — A 2:; sech(az) + A ;2 ch’(ax)
h2 2
=-—A 2:; sech(ax)
h%a?

=5 [Asech(az)]

2 2
_ hfa Vo ()

T om

Because the left side yields a constant times 1g(x), 1o(x) is a solution to the TISE. The constant
in front is the energy associated with g (z).

h%a?
Ey=—
0 2m
Normalize 9y(x) now.
00 o] e d A2 o0 A2
1 :/ o ()2 dz :/ A2 sech?(az) dx = A2/ sech?2 2% = 2 (tanhz)| =2 (2)
o oo oo a a @
Solve for A.
Ao
V2
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Therefore,

ax

Part (c)

The goal here is merely to verify that

B ik —atanh(ar)\ . ik ik a ik
wk(aﬁ)A< Fta )e A(z’k—i—a)e —A Fia tanh(az)e

satisfies the time-independent Schrédinger equation (TISE),

W2 @2 h2a?
2m dx? m

Evaluate the left side with ¢ = ().

n? d? h%a? n? d? ik ,
O _ T:LL sech?(ax)yy(x) = [A ( ! ) ekr _ A

sech?(ax)y(z) = Ey(z).

- 2m da? - 2m da? itk +a
h2a?

sech2(ax) {A (

ik:v_A a d—Qta h( ) ikx
zk—{—a d:E2 ik+a ) dx? mia)e
2 .
) A

sechz(ax) {A (
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Continue the simplification.

W2 a2y, 22 h2 ik '
- _ h2 —_—_— 1A ik 2 ikx
2m dx? m oo (az)ti(z) 2m { (zk; + a) (ik)"e

a d 2 ike | ika
A <ik+a> o [asech?(ax)e™™ + ik tanh(ax)e ]}

h2a2 ik . a .
_ h2 A ikx A h ikx
m o (az) [ <1k + a) ° (Zk + a> tanh(az)e }

02 i . ~
= {—A < ! > k2etkr — A ( a4 ) [—2a? sech? (az) tanh(ax)e*®

" 2m ik +a ik+a
+ 2ika sech?(az)e™™

— k2 tanh(aw)eikw]}

ha? 2 ik ikz a ik
- sech”(ax) {A (zk n a) et — A (zk: n a> tanh(ax)e }

h2 . .
AT e W
2m(ik + a)
+M— ak? tanh(ax)eikx}
h2 . .
—A— W— 2a° sech? nh(az)e™™
2m(ik + a)

h2

T T ikx
= g Kk~ ataae
_ 212 ) ik _gtanh(aﬂf) ke
2m ik+a
h2k?

Because the left side yields a constant times ¥y (), ¥ (z) is a solution to the TISE. The constant
in front is the energy associated with ¢ (x):

k> B (2mE _
2m  2m \ K2 )

Since tanh(az) — 1 as © — oo,

) = A (2]4: - atanh(a:c)) Jike x4 <zk: - a> Jika

ik +a ik+a

for large positive x. Like before, this is a plane wave going from left to right with no
corresponding reflected wave. The reflection and transmission coefficients are defined by

reflected probability current transmitted probability current

incident probability current incident probability current
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where the probability current is [noting that ¥ (z,t) = ¢ (z)e "#/"]

—imt/h O ¢ x iEt * iBt/m 0 iEt
[a)e P [0 (@) P — [ (@) P [ ()e E/h]}

_ Tf; {[w(m)e_mt/h]d;femt/h B [w*(x)emt/h]?ﬁe—mt/h}

dyt L dy
Ve Y d:z:>

_in
-~ 2m

Therefore,

reflected probability current

incident probability current

transmitted probability current

incident probability current
B[ (852) ] [ ) ] - [ ) ]
ih ik—a 1kx d —tk—a —ikx 1k—a —ikx
i A () o] & A (Shes) o] - A (i) o]
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Part (d)
The Schrédinger equation will be solved here on the whole line with V(x) = —(h2a?/m) sech?(ax)

SOV
ot  2m 022

sech?(ax)¥(x,t), —oo <z <00, t>0

and the usual Dirichlet boundary conditions, ¥ — 0 as x — Fo00. Because the Schrédinger
equation is linear and homogeneous, the method of separation of variables can be applied.
Assume a product solution of the form ¥(x,t) = ¢ (x)¢(t) and plug it into the PDE.

0 h2 92 h2a?
i [U()0(0)] = — 5 = [0()6(0)] — o sech(az) () (1)
Evaluate the derivatives.
K2 h2a?
ifw(w)cb’(t)Z—%w”(w)sf)(t)— - sech? (ax)(x)p(t)

Divide both sides by ¥ (x)¢(t) to separate variables.

SO R R
o)~ 2mu(z)  m

The only way a function of ¢ can be equal to a function of z is if both are equal to a constant F.

! 2 1 2.2
'h¢ ®) 9@ hnj sech?(az) = E

sech?(ax)

o) T 2m y(x)

As a result of applying the method of separation of variables, Schrédinger’s equation has reduced
to two ODEs—one in each of the independent variables, x and ¢.

h2 w//(l,) h2a2
2m () m

sech?(az) = E

Values of F for which the boundary conditions of this second equation are satisfied are known as
eigenvalues (or eigenenergies in this context), and the nontrivial solutions ¢ (x) that satisfy this
second equation are known as eigenfunctions (or eigenstates in this context). Multiply both sides
of the TISE by (—2m/h?)y(z).

2
Z? + 2a” sech? (az)y(z) = —QT;E (x) (1)

Make the substitution, z = ax. Use the chain rule to write the second derivative of ¥ in terms of
this new variable.

dv _dvde _ db

dx _de_adz
d21/1_ d <d1/}> _dz d ( chb) :a2d21[)

da? " dz \dw) ~ drd: \"dz dz2?
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Consequently,
2
d=1p 2mE
0?5 + 2% (sech? 2)(2) =~ b(2),
Divide both sides by a?, let £ represent 2mE/(h?a?), and bring all terms to the left side.
dzw
e + (€ 4+ 2sech? 2)Y(2) = 0 (2)

Now make the substitution, u = sech? z. Use the chain rule again to write this equation in terms
of u.

A dpdu i )
T = duds du( 2sech” z tanh z)

@ — a <d'¢> dz [dw( 25ech2ztanh2)]

dz2  dz \ dz du
-4 <il;1/j> (—2sech? z tanh 2) + %dilz( 2sech? z tanh 2)
du d (d d
— dz - <d15> (—2sech? z tanh z) + %(4 sech? z tanh? z — 2sech? 2)
2
- %(*2 sech? z tanh 2)% + %(4 sech” ztanh” z — 2sech” 2)
d? d
= 15(4 sech? 2 tanh? z) + d—ﬁ(él sech? z tanh? z — 2sech? )
2
- dud} [4sech? z(1 — sech? 2)] + %[4 sech® z(1 — sech® z) — 2sech” 2]
d? d
= defMu?(l )]+ d%f[%(l —u) - 207
a2
d
As a result, equation (2) becomes
2¢ dw

4u?(1 — u)d— +2u(2 — BU)% + (€ +2u)y(u) = 0.

Check to see if zero is an eigenvalue: £ = 0.

4u?(1 —u)jw +2u (2—3u)% + 2up(u) =0

Divide both sides by 4u.

d*y 3\ dy
1— 1—=-u|—
u(t=u) G + (1= 3u) G+ ot =0 (3)
This is the hypergeometric equation with a = —1/2 and b = 1 and ¢ = 1, so one of its solutions is

1
Y(u) = o F (—2, I; 1;u) —Vi—u
Just for reference, the hypergeometric equation is

z(1—2)y" +[c—(a+b+ 1zly’ —aby =0,
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and one of its two linearly independent solutions is denoted by

y(x) = 2 F1(a,b;¢;2) =

I'(c) i I(a+n)L'(b+n)a"
ot I'(c+n) n!’
Use the method of reduction of order to obtain the general solution: Substitute
Y(u) =+/1 —uw(u) into equation (3).
2

u(l — u)%[ T w(u)] + (1 - 2u> %[\/1 —aw(w)] + %[\/1 “ww(u)] =0

Simplify the left side.

1 d>w dw
VT —u | 2u(u— 1) | =
5 u[ u(u )du2 + (5u )du} 0

This is a first-order linear ODE for dw/du, which can be solved with an integrating factor.

w(u) = C + Cy [ — tanh™! (\/ﬁ)]

1
v1—u
Consequently,

Yu)=C1v1—u+Cy [1-V1 — uwtanh™! (V1—u)].

Changing back to the original variables yields

() = C1y/1 — sech?(az) + Cy [1 — /1 — sech?(ax) tanh™* < 1 — sech? (ax))]
= C1y/tanh?(az) + Cy [1 — y/tanh?(ax) tanh™* < tanhQ(ax))]

= D; tanh(ax) + D2 [1 — ax tanh(ax)].

In order to satisfy the boundary conditions, ¥ — 0 as x — 00, D and Dy must be set to zero.
This leads to the trivial solution, ¥ (x) = 0, so zero is not an eigenvalue. Now check to see if there

are negative eigenvalues: £ = —~2.

d? d
4u(1 — u>de§ +2u(2 — Su)ﬁ + (—y* +2u)p(u) =0

As it is, this equation can’t be solved in terms of hypergeometric functions like before because

—~2 is not multiplied by u. Make the substitution, ¥(u) = u” f(u), then. This is motivated from
the u? factor in front of the second derivative and the u factor in front of the first derivative.

dw _ r—1 T df
Ty = U flu) +u T
de r—2 r—1 df rdzf
W:r(r—l)u f(u) + 2ru u T a
Plug these formulas into the ODE.
2
(1 — ) [r(r — Du" "2 f(u) + 27“2[_1% +u" ZUJ;] + 2u(2 — 3u) [rur_lf(u) + UT% + (=% +2u)u" f(u) =0

www.stemjock.com



Griffiths Quantum Mechanics 3e: Problem 2.52 Page 9 of 12

Divide both sides by v and simplify the left side.

2
4u?(1 — u)% + (4u + 8ru — 6u® — 8ru2);l—f + (4r% — 4% 4 2u — 2ru — 4r°u) f(u) = 0
u u
Choose r so that
47“2—72:0 - r=—.

N2

As a result,
d? d
4u(1 - u)d—‘}; + (du + 4yu — 6u® — 4’yu2)d—f + (2u — yu — y*u) f(u) = 0.
u u

Divide both sides by 4u.
d* f 3 df (1 v
1—u)—5 1 - —u— — —— = - — = 4
ul U)u+<+v u w)du+< T ) =0 (4)

This ODE for f is a hypergeometric equation with a = —1/2++/2, b=1+~/2,and c =1+ 7.
That means one solution is

L v gl
=R [+l 1+l 14~y
flu) =2 1( 5 Ty lt g +7,u>

Use the wag-the-dog method to determine appropriate values of v: Plot f(u) versus u for several
values of v and see where the graph flips over.

I

5r

1] . : : : Ny
0.0 0.2 0.4 0.6 0.8 1.0

The graph only flips over once at v = 1. Note that negative values of v are not considered because
u = sech? z, and ¥(u) = u"/2f(u) would blow up as a result. With v = 1, equation (4) becomes

A f 5\ df

which is a first-order linear ODE for df /du, solvable with an integrating factor. The general
solution is

flu)=Cs3+Cy [ 1u_ “ +tanh™! (\/1 — u)} ,
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which means

b(u) = w2 f(u) = C3v/u + Cy

Changing back to the original variables yields

\/I_Tu + utanh™! (\/1 —u)] .

1 — sech?(
P(z) = Cs sechQ(aa:) + Cy se(S:flcz a;x mtanh < 1— sech2(ax)>]
h2
= C34/sech?(ax) + Cy Htszrcth + y/sech?(az) tanh ™ < tanh%aaz))]

= D3 sech(az) + Dy[sinh(ax) + ax sech(ax)].

T

In order to satisfy the boundary conditions, ¥ — 0 as x — +o00, D4 must be set to zero.
Normalization determines D3 as shown in part (b).

P(z) = \/gsech(ax)

Remarkably, this is the only bound state. The corresponding energy is

2mE h2a?
_me_ 5 p=1T
h2a? 2m

Solving the ODE in t yields ¢(t) = e *#¥/". Therefore, one solution to Schrédinger’s equation is

U(z,t) = p(2)b(t) = \/g sech(az) exp (ﬁ;jt) .

Return to equation (1), now assuming that E is positive.

d? omE

Tz + 2a* sech? (az)Y(z) = — 72 () (1)

Use k for v2mE /h and bring all terms to the left side.

@y

ozt [k? + 2a® sech?(ax)]tp(z) = 0

Observe from the graph in part (a) that the potential energy has a dip around = = 0 and goes to
zero as || becomes large. Because V' (x) is similar to the delta-function well, we expect there to
be plane wave solutions, Cse~*** and Cge’**, when |z| is large. But unlike the delta-function well,
V(x) is a bounded and continuous function, meaning ¢ (x) has the same formula for z < 0 and

x > 0. That means the incident and transmitted probability currents are equal, or T'= 1 and

R = 0. Check for a solution of the form 9 (z) = q(x)e’**.

d2

T la(@)e™] + K2 + 2% sech?(az)lg(2)e™] = 0

www.stemjock.com



Griffiths Quantum Mechanics 3e: Problem 2.52 Page 11 of 12

Simplify the left side.

d’q dq 9
ﬁ + szd— + 2a” sech?(az)q(z)| = 0
Divide both sides by e***
ﬁ + 2tk— dq + 2a” sech?(az)q(z) = 0
dz? dx
Make the substitution z = ax. The derivatives become
dg _ do
dx dz
d2q _ 2d2
dz? dz?
As a result,
d2 dq 9
ﬁ+2zakdz + 2a” sech?(2)q(z) = 0.
Divide both sides by a?.
d’q  2ik dg 9
@4—@(1 + 2sech®(z)q(z) =0 (5)

This ODE is signficantly harder to solve because of the presence of the first derivative, but that’s
okay. Since V(z) = 0 > —(h?a®/m)sech?(ax) for all finite x, the eigenfunction corresponding to
the zero eigenvalue is a scattering state. Whatever formula we find for g(x) should then simplify
to this result for the case that £ = 0. The eigenfunction corresponding to the zero eigenvalue
therefore serves as a hint for ¢(x). Plug in a trial solution of the form

q(2) = By + Bj tanh z + Byz tanh z into equation (5).

2 2%k d
(B + By tanh 2 + Byztanh z) + Ld—(B0 + By tanh z + Byz tanh 2)
a z
+ 2sech?(2)(Bg + By tanh z + Byztanh 2) = 0

Simplify the left side.
2 2ik 2ik
—(Boa + Baa + ikBy) sech? z + LBgz sech? z + LBQ tanhz =0
a a a

Match the coefficients on both sides.

Boa + Baa + ikB1 =0

%k
LBQ—O
a
%k
P, =0
a

Set By = 0 to satisfy these last two equations. The first equation then reduces to Bga + tkBy = 0.
Choose By = ik and B; = —a. As a result, one solution to equation (5) is

q(z) = ik — atanh z.

Use the method of reduction of order now to determine the general solution: Plug in
q(z) = (ik — atanh z)p(z) into equation (5).

2 i
jZQ [(ik — atanh 2)p(2)] + ﬁi[(zk — atanh 2)p(2)] 4 2sech?(2)[(ik — atanh 2)p(z)] = 0

a dz
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Simplify the left side.

2
2

er_ = [a2 sech? z + k(k + iatanh z)] v _
a dz

(tk — atanh z) 7.2

0
This is a first-order linear ODE for dp/dz, so it can be solved with an integrating factor. The

general solution is
—9ikz/a tk cOsh z + asinh z

p(2) = C5 + Ce kcosh z + iasinh 2
That means
q(2) = (ik — atanh 2)p(z) = Cs(ik — atanh 2) + Cge~ 2%/ (ja tanh z — k).
Change back to the original variable x.
q(x) = Cs|ik — atanh(azx)] + Cee 2**[ia tanh(az) — k|

Consequently,

)(x) = g(x)e™
= Csik — atanh(az)]e®™™ 4+ Cge 2*%[ia tanh(ax) — k]e*®

= D5 [Zk — atanh(ax)]eikx + Dﬁ[ik) 4 atanh(ax)]e*i’“,

Since neither term blows up as z — £oo, both of them must be kept. Solving the ODE in t yields
o(t) = e~ "Bt/h Therefore, another solution to Schrodinger’s equation is

U(z,t) = p(x)o(t)

— Dylik — atanh(az))e e /" 4 Dgfik + atanh(az)le~ e 1/

Bt L Bt
= Ds;[ik — atanh(ax)] exp <zkx - Zh> + Dglik + atanh(ax)] exp (—ikx — Z)

n
U(z,1) = Dsfik — atanh(az)] exp [zk (a: - Z:)] + Delik + atanh(az)] exp [—ik (x 4 g)] ,

where E > 0 and k = vV2mE/h. If |z| is large, then this is a linear combination of plane waves
travelling to the right and to the left, respectively, as predicted. For a plane wave incident from
the left only, Dg is set to zero; and for a plane wave incident from the right only, Dj5 is set to zero.

Again, it must be emphasized that V(z) = —(h%a?/m) sech?(az) is a reflectionless potential

because 1(x) has the same formula for all z. And this is due to the fact that V' (z) is bounded
and continuous unlike all the cases considered previously in the chapter.
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